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Exercise 8.1

Reconsider the inventory problem of Example 8.1, but now suppose that the store policy is to order
more aquariums if there are less than two left in stock at the end of the week. In either case (zero
or one remaining) the store orders enough to bring the total number of aquariums in stock back
up to three.

a) Exceeding Supply

We calculate the probability that the demand rate for aquariums in a given week exceeds the supply.

Step 1

We list our variables and assumptions below. Here, we are not given the distribution, so we assume
it is a Poisson distribution.

If Sn—l —D,_1 > 1, then Sn =8S,-1—D,_1.

If Sn—l - Dn—l < 1, then Sn = 3.
Pr{D, =k} =e /K.

Sn: Supply of aquarium at week n.
D,,: Demand for aquarium at week n.

Step 2

We will model this problem as a Markov chain in steady state.



Step 3

Let X, = S,. The state space is X,, € {2,3}.
We tabulate the following transitions:

0.368
Xp=2 Xpp1=2 ifD,=0
Xpy1 =3 ifD,>0
Xp=3 Xpn1=2 ifD,=1
Xny1=3 iftD,=00r D, >1
N . 0.632
The distribution of the demand variable D,
gives the following values
Pr{D, =0} =0.3679 0.368

Pr{D, =1} = 0.3679
Pr{D, > 1} = 0.2642

Thus, we have the following matrix of probabil-

ities
pP— (pn P12>
Pb21 P22
p_ 0.3679 0.6321 (1) Figure 1: State transition diagram.
-~ \0.3679 0.6321
Step 4

Since {X,} is an ergodic Markov chain, we can compute a unique steady state probability vector
7. We solve

T =7P

along with m + m = 1.

w1 = 0.36797; + 0.367972
w9 = 0.6321m1 4+ 0.6321m9

T+ me =1
The solution to this system is
m = 0.3679
_ (2)
mo = 0.6321

That is, for large n, it is approximately true that

Pr{X, =2} = 0.3679
Pr{X, =3} = 0.6321



We use this information to find when the demand exceeds the supply

3

Pr{D, > S,} = ZPT‘{Dn > S| Xp =i} Pr{X, =i}

=2

Pr{D, > S,} = 0.0414

Step 5

— (0.08)(0.3679) + (0.019)(0.6321)

Example 8.1 presented us with an inventory policy that the aquarium stock should only be refilled
if there are no aquariums left in stock. This resulted in 10% sales loss. By changing the inventory
policy, the sales loss is reduced to 4.14%, half of what it was before.

b) Sensitivity to Demand Rate

Suppose now that Pr{D, = k} = e */k!. We wish to perform a sensitivity analysis on A. The
distribution of the demand variable now becomes

so that the matrix (1) becomes

Pr{D, =0} =
Pr{D, =1} = e
Pr{D,>1}=1-2¢"

e 1—e A
P= <e_)‘ 1-— e_)‘> )

We have tabulated several important results below and Figure (2) is a graphical display of the
probability that demand exceeds supply given different \’s.

Steady State 7

Pr{D, > S,}

0.75
0.9
1.0
1.1

1.25

(0.4724,0.5276)
(0.40660.5934)
(0.3679,0.6321)
(0.3329,0.6671)
(0.2865,0.7135)

4.78%
4.36%
4.14%
3.93%
3.65%
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Figure 2: Sensitivity of the probability of lost sales to the arrival rate.

c) Estimating S(p, \)

Let p denote the steady-state probability that demand exceeds supply. The sensitivity of p to A is
just the slope of the line in Figure (2). We have

Ap

S(p,\) = AN
~ —0.0113

S(p7 )\) - 0.5
S(P,\) = —0.0226

Thus we estimate that the sensitivity of the probability of lost sales to arrival rate is

S(p,\) = —0.0226



Exercise 8.5

a) Steady-state distribution of the market state

We have a Markov process with three states.

M7 = Bear market
Ms = Strong bull market
M3 = Weak bull market

Furthermore, assume the transition matrix is represented by P, where

0.9 0.02 0.08
P=1005 08 0.1
0.06 0.05 0.9

represents the weekly dynamics in the stock market.

Since {M,} is an ergodic Markov chain, we can compute a unique steady state probability vector
7. We solve

T =aP

along with m; + w9 + m3 = 1, where m; corresponds to M;.

w1 = 0.90m1 + 0.057m9 + 0.0573
79 = 0.0271 + 0.857m9 + 0.0573
w3 = 0.08m; 4+ 0.17m2 4 0.9073
m+m+mr3=1

The solution to this system is

w1 = 0.3333, m = 0.2, 73 = 0.4667 (5)

For large n, it is also approximately true that

P{M,} = 0.3333, P{M,} = 0.2, P{ M3} = 0.4667

In other words, we expect to be in a Bear market 33% of the time, a strong bull market 20% of the
time, and a weak bull market 47% of the time.

b) Yield on $10,000 investment

Suppose we invest $10,000 in a mutual fund for ten years. Each year this fund yields a return R(7)
of -3%, 28%, and 10% annually when the stock market is in state My, My, and M3 respectively.
We wish to determine our expected yield for ten years.



First, we assume that the transition matrix P and the returns R are unchanging for 10 years.
Additionally, assume that we don’t touch the fund for 10 years; any money that we gain stays in
the fund, and if we loose money, we don’t withdraw the fund.

Since there are n = 52 weeks in a year, we have n large enough so that we can use the approximation
from Equation (5). Then, we have the following discrete dynamical system

3
Y1 = Yo+ Yy ( > Pri{X,= i}R(i))

i=1

where Y, is how much money we have in the firm.

Since P and R don’t change over time, the summation returns a constant 0.092667, so we can
reduce this equation to

Y1 = 1.092667Y,, (6)

We solve this system and tabulate the results below.

Ya
$10,000
$10,926.67
$11,939.21
$13,045.58
$14,254.48
$15,575.40
$17,018.72
$18,595.80
$20,319.01
$22,201.92
$24,259.30

5 © 000U wWN O3

Therefore, after ten years we expect the fund to return $14,259.30.

Lastly the order of the state transitions doesn’t make a difference. As the weeks go on, the
transitions will reach steady-state; we have sufficiently large enough n that we will jump through
many states in concordance with the steady state distribution.

c) Worst-Case scenario

In the worst-case scenario, R(7) is 40%, 20%, and 40% for My, Ms, and M3, respectively. Equation
(6) then becomes

Vi1 = 1.084Y,

Integrating this system returns a yield of $12,402.31 after 10 years. This is $1856.99 less than part
(b). Because the stock market spends more time in the bear market state, the -3% gain has a
greater effect on the overall return.



d) Best-Case Scenario

In the best-case scenario, R(7) is 10%, 70%, and 20% for Mj, Ms, and M3, respectively. Equation
(6) then becomes

Y1 = 1.213Y,

Integrating this system returns a yield of $58,961.71 after 10 years. This is $44,702.41 more than
part (b). Because the stock market spends more time in the strong bull state, the 28% gain has a
greater effect on the overall return.

e) Mo’ Money Market, Mo’ Problems

Consider a money market fund that returns about 8%. This would yield the following discrete
dynamical system

Ypi1 = 1.08Y,

Integrating over ten years with the same assumptions as above yields a return of $11,589.25. But
this is $813.06 less than the worst-case scenario from the mutual fund. We assume that the reported
worst-case distribution is actually the worst case, which is historically untrue. With our assumption
the mutual fund is a better investment opportunity than the money market fund.




Appendix

Appendix 1

Appendix 2

(*problem 8.5%)
(*part A analytical solutionx)
soln = Solve[{pi[1] == 0.90*pi[1] + 0.05*pi[2] + 0.05*pi[3],

pi[2] == 0.02%pi[1] + 0.85%pi[2] + 0.05%pil[3],
pil3] == .08*pi[1] + .1xpi[2] + .90%pil[3],
pil1] + pi[2] + pil[3] == 1}]

(*A Simulation approach for part Ax*)

p = {{0.9, 0.02, 0.08}, {0.05, .85, .10}, {0.05, 0.05, 0.90}}
pil0] = {{1, 0, 0}}

n = 25000; i = 0; Do[{pili + 1] = pil[i]l.P; i =i + 1;}, {n}]
Print [pi[n]]



